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Introduction

Introduction

The Braille Authority of North America (BANA) is pleased to
send you UEBC Sampler 2. It illustrates the draft braille code
being developed by the Unified English Braille Code Research
Project under the direction of the International Council on
English Braille (ICEB). If you have not seen UEBC Sampler 1,
please contact the appropriate person from the list of
addresses at the end of this Introduction.

UEBC Sampler 2 includes examples of published technical
materials. Four of them, each 10 consecutive print pages, are
brailled in UEBC and in the BANA code in use in North
America for that subject, e.g. Nemeth Code for the algebra and
calculus, Computer Code for the computer notation, and
Chemistry Code for the chemistry. There are also: some
elementary arithmetic samples; a list of examples used in her
teaching by Susan Osterhaus, a mathematics teacher at the
Texas School for the Blind and Visually Impaired; and an
example provided by Jane Corcoran, a California transcriber.

At the beginning of each sample there is a list of the new and
changed symbols you will encounter in UEBC. Each symbol is
preceded by the dot locator (dots 46, 123456).

To help those who may not be familiar with the three present
BANA technical codes, a list of symbols required to read the
materials accompanies each sample.

The samples are organized so that the UEBC version is
presented on the right-hand page with the corresponding
material in the appropriate BANA technical code presented on
the left-hand facing page.

UEBC format has not been finalized. These examples follow
the same format used by the present BANA codes with one



Introduction

exception. UEBC follows the spacing of the original text. For
instance, mathematical signs of operation are spaced or
unspaced as they appear in print.

In the narrative portion of these examples you will notice that
eight contractions found in English Braille American Edition
(EBAE) are not used in UEBC. Six are brailled letter-for-letter:
ble, com, dd, ally, to, by; and two are brailled with a
contraction: into and ation. All of the other 181
contractions, wordsigns and shortforms are unchanged.

Each UEBC symbol is unambiguous—a print symbol is
represented by the same braille symbol regardless of the
subject. Because there are only 63 possible single cell dot
combinations many symbols have to be made up of two or
three cells. If the braille symbol uses the same dot
configuration as a contraction it must be preceded by a grade
one indicator to remove any ambiguity. This design feature
will make it easier for a braille reader to work independently
using computer translation and be assured of the accuracy of
both the print and braille.

Nemeth Reading Notes

Nemeth numbers are brailled in the lower part of the cell. The
number indicator is omitted when numbers immediately follow
other symbols. Number indicators are also omitted when
numbers are aligned one above the other, as in addition
problems. A punctuation indicator is used where necessary to
distinguish signs of punctuation from digits.

UEBC Reading Notes

UEBC uses grade one indicators to set off sections of text
containing symbols that would otherwise be read as literary
contractions. The number indicator also sets grade one mode
for unspaced symbols or letters that follow a number.

DIII3I3I333I33I3I3I333I3333I93I33I3I3I333I3I3I3I3I333I9I53I3I32I3I9)
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Introduction

Print Copies

To obtain a print copy of the examples in Sampler 2 or a print
copy of Sampler 1 contact

The American Foundation for the Blind

National Literacy Center

Contact: Frances Mary D'Andrea

404-525-2303 or AFB's Information Center 800-232-5463

E-mail: literacy@afb.net
To obtain a braille copy of Sampler 1 contact

Kim Charlson, Braille Authority of North America,
617-972-7249 or e-mail charlsonk@perkins.pvt.k12.ma.us

For Canadians, print and braille copies of Sampler 1 may be
obtained by contacting

Darleen Bogart
The Canadian National Institute for the Blind

416-480-7530 or 800-268-8818
E-mail: bogartd@lib.cnib.ca



Questionnaire

Questionnaire

Thank you for reading UEBC Sampler 2. BANA wants your
comments and has prepared a short list of questions as a
guide (to get you started). You may respond in braille, print,
on audio tape or by e-mail. Up-to-date information on UEBC
is available by visiting the BANA web site at
http://www.brailleauthority.org

Directions: Please complete the following questionnaire after
reading through Sampler 2. Write your answers below, on a
separate sheet of paper, or in an e-mail message. Send your
completed survey to:

Warren Figueiredo

Louisiana Instructional Materials Center for the Blind
1230 Government Street

Baton Rouge, LA 70802

E-mail responses: UEBCinput@aol.com

Your input will be useful to the BANA Board in studying the
UEBC. Thank you!

3303333333333 31333I33I3I33I3I333I3I3I3I3I33I3I3I33I39I3I32I9))
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Questionnaire

Questions about UEBC and Other Issues

1.

Before you read Sampler 2, what were your feelings
toward unifying the braille codes?

Having read through Sampler 2, how have your
ideas/feelings changed toward a unified braille code?

What do you really like about the Unified English Braille
Code (UEBC)?

What do you really dislike about the UEBC?

What issues do you feel the BANA Board should consider
in making a decision on adoption of the UEBC?

Are your comments based on all six samples? Yes No
If not, please check those which are included. 123456

Optional Background Information

7. What kind of materials do you typically read in braille?

Check all that apply.
a. magazines

b. fiction

c. nonfiction

d. textbooks

e. other (list):

What math or technical materials do you read? Check all
that apply.

a. textbooks

b. technical materials for my job

c. computer braille

d. chemistry or other scientific notation

e. other (list):



Sample 1. Spatially Arranged Mathematics

9. What math code did you learn in school?
-a. upper numbers (Taylor Code)
b. lower numbers (Nemeth)
c. upper numbers (BAUK—Braille Authority of the United
Kingdom)
d. no math code used

10. When did you learn braille?
a. before age 18
b. 18-55 years of age
c. 56 and above

Optional Personal Information

Name:

Age:

Gender:

Occupation:

Preferred Literacy Medium:
E-mail address:

Address:

Telephone:

DI3DI3IIIIDIIDI3I3IIDIIDIII3II3ID3I3I33I3I3I3I3I333I3I3I3I3I))3)3)



Sample 1. Spatially Arranged Mathematics 7

Sample 1.
Spatially Arranged Mathematics

This sample is transcribed using The Nemeth Braille Code for Mathematics and Science Notation
1972 Revision (on left-hand pages) and the Unified English Braille Code as of June 2001 (on

right-hand pages).
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Sample 1. Spatially Arranged Mathematics 9

la. Arithmetic Problems

Add.

2. 32.

+

33.
+

30. 31.

+.

29.

~N N
O W
O oo

+

&
% o
1S5

M Q2+6)+5 35.2+6G+S5 3. (7+3)+0 37.4+5+8

~ Find the sums and differences. Use a calculator if necessary.

1. 2964 2. 6,587 3. 4,532 4. 4,430 5. 6429 6. 7,000

+ 5,682 + 2,744 + 1,607 — 726 — 5,161 — 2,674
Find the products.
1. 4 2, 1 3. 2 4. O 5 2 6,.5%X4=20
1 X3 X 0 X3 1 4X5=



Sample 1. Spatially Arranged Mathematics

Arithmetic Problems in Nemeth Code

Nemeth Symbols
8 punctuation indicator
i plus sign
“ minus sign
BT times sign (cross)
283 equal sign
8 opening parenthesis
i closing parenthesis
e mathematical comma

3393333333333 333333333I3I33)H3I33I3I33I39333I3I3I3I9353I3)
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Sample 1. Spatially Arranged Mathematics

Arithmetic Problems in UEBC

UEBC Symbols

plus sign

minus sign

times sign (cross)
equal sign

opening parenthesis

closing parenthesis

11
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Sample 1. Spatially Arranged Mathematics
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Sample 1. Spatially Arranged Mathematics
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Sample 1. Spatially Arranged Mathematics

1b. System of Equations

Equating coefficients leads to the system

g+ 200+ =0
-26‘1 + Cz + 8C3 = 0
3¢, + 8, + T3 =0

17



Sample 1. Spatially Arranged Mathematics

System of Equations in Nemeth Code

Nemeth Symbols

o plus sign
“ minus sign

equal sign

c+ @ 00 - & -0 -0 0 & O- o o0 L] . e -0 L3 oo L] . L] <0 00 LN ) (X ]
*® 00 - - 00 - - DY BEX J [ ) o 00 O L3 L] A N ] oo o @+ 0
@ ¢+ 0 00 -+ O 0O L] . L] iK ) L L] e @ eo: o0 o 00 O [ ]
L X ] [ ] (1] i ] ee - - (] [
[ ) [ .. oo [
o0 o o 00 .. [ ] oo o0
L4 o0 LX) X J (X ] . [
° . .. Y ) Y
o0 00 © L X ] - @ 00 00O .. (] o0 o0
- o0 [ ) o0 . e - - (] °
e oo [ ] .. ¢ e @ . [ Xd L X ] °
LXJ . oo o0 c 0 00 00 .. [ ] o0 o0

18

3339339333933 I33I3)3)3233)3333I33)333I33H3I333I23I2I92I2I3)H33I3)



IR IIDINIIIDIIDNIIIIDIIIIIIIDDIRI NIRRT

Sample 1. Spatially Arranged Mathematics 19
System of Equations in UEBC

UEBC Symbols

$1032 12122 begin grade one passage
$i088 il end grade one passage

% subscript next item
088 plus sign

e minus sign

R equal sign
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Sample 1. Spatially Arranged Mathematics

1c. Matrix Multiplication

For each fixed x in [a, b], the matrix equation

filx) folx) & falx) Y(oy 0
filx) Jx) & fllx) || oy 0
fl(n-l)(x) fz(n_”(x) 8 n(n—l)(x) o, 0

21



Sample 1. Spatially Arranged Mathematics

Matrix Multiplication in Nemeth Code

Nemeth Symbols

opening parenthesis

closing parenthesis

multiline opening parenthesis
multiline closing parenthesis
opening bracket

closing bracket

mathematical comma
subscript indicator
superscript indicator

return to baseline after subscript or superscript
prime sign

minus sign

equal sign

Greek alpha

22
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Sample 1. Spatially Arranged Mathematics
Matrix Multiplication in UEBC

000
s 00

UEBC Symbols

begin grade one passage
end grade one passage
opening parenthesis

closing parenthesis

_opening bracket

closing bracket

multiline opening parenthesis
multiline closing parenthesis
subscript next item
superscript next item

ellipsis

vertical ellipsis

prime sign

begin compound item

end compound item

minus sign

equal sign

Greek alpha

23
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Sample 1. Spatially Arranged Mathematics

4.

1d. Long Division

Bring down the next digit in the dividend. Repeat these steps
until there are no digits left to bring down.

620 R19
32)19,859
-192
65
=64

19

—_—9 Remember to
19 check the answer.

27



Sample 1. Spatially Arranged Mathematics

Long Division in Nemeth Code

Nemeth Symbols

punctuation indicator
baseline indicator
curved division sign

mathematical comma

minus sign

28

3393993332333 3333I3I323I3I3333I333I333I333I33I3I93I33H3I39



DIIIIIIIIIIIIIIIIAIIDIIINIIINIIIANNIIIIIIINIIIIIIIIONND

Sample 1. Spatially Arranged Mathematics

Long Division in UEBC

UEBC Symbols

curved division sign
minus sign

numeric space

29
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Sample 1. Spatially Arranged Mathematics
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Sample 1. Spatially Arranged Mathematics

le. Long Multiplication

2. Multiply by the tens digit.

1
643 Remember to
X 35 regroup.
3215
19290 < 30 x 643
t
You do not have to write
the zero. Start the answer
in the tens place.

33
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Long Multiplication in Nemeth Code

Nemeth Symbols

punctuation indicator

R R carry line

e times sign (cross)
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Sample 1. Spatially Arranged Mathematics

Long Multiplication in UEBC

35

UEBC Symbols

% times sign (cross)
L N ] . «+ 00 0 [ X3 [ ® 060 0 00 [ J [ ) K J (N -e e -9 00 -0 -0 - -
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1f. Cancelled Digits

Subtract: 16 - 3.98

| -
© R
© Q {e
(o: R I

-
N
o
N

37



Sample 1. Spatially Arranged Mathematics
Cancelled Digits in Nemeth Code

Nemeth Symbols

% opening cancellation indicator
I closing cancellation indicator

“ minus sign

‘e decimal point

38
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Sample 1. Spatially Arranged Mathematics
Cancelled Digits in UEBC

UEBC Symbols

0 minus sign
SRt line through previous item

° decimal point
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Sample 1. Spatially Arranged Mathematics
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Sample 1. Spatially Arranged Mathematics

Cancelled Fractions in Nemeth Code

Nemeth Symbols
¥ opening cancellation indicator
] closing cancellation indicator
SEH times sign (cross)
393 equal sign
i opening fraction indicator
i closing fraction indicator
1818 opening mixed fraction indicator
1838 closing mixed fraction indicator
i horizontal fraction line
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Sample 1. Spatially Arranged Mathematics

Cancelled Fractions in UEBC

UEBC Symbols
LEH times sign (cross)
X equal sign

2 line through previous item
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Sample 1. Spatially Arranged Mathematics 45

1h. Number Line

Use fractions, mixed numbers, and decimals to name
points on the number line. Write each missing number.

2 2% 22 2% 22 22 28 28 3 3% 3%
1- < + + t + —.- + t _ + t t t t
20 21 23 24 25 26 __ 28 29 30 __ 32



Sample 1. Spatially Arranged Mathematics

Number Line in Nemeth Code

Nemeth Symbols

punctuation indicator

left arrowhead

horizontal shaft of number line
vertical mark

right arrowhead

opening mixed fraction indicator
closing mixed fraction indicator
horizontal fraction line

missing number (blank underline)

46
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Sample 1. Spatially Arranged Mathematics

Number Line in UEBC

UEBC Symbols

grade one symbol

left arrowhead

horizontal shaft of number line
vertical mark

(at end of line) continuation indicator
right arrowhead

dash (used for blank underline)

decimal point

47
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Sample 1. Spatially Arranged Mathematics

49
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Sample 1. Spatially Arranged Mathematics

1li. Addition Puzzle

Each letter in these problems represents a different digit.

1. What is the value of C?
2. What is the value of D?

8789 DEFF
3BA7 _E2F6
482A
+7ABS 13997
20287

51



Sample 1. Spatially Arranged Mathematics
Addition Puzzle in Nemeth Code

Nemeth Symbols

8 punctuation indicator

52

ae transcriber's note indicator
“ plus sign
“ minus sign

@ ¢+ 0 0- 00
@ -+ ©- 00 00
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Sample 1. Spatially Arranged Mathematics 53
Addition Puzzle in UEBC

UEBC Symbols

e plus sign

LI minus sign
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Sample 2. Algebra

This sample is transcribed using The Nemeth Braille Code for Mathematics and Science
Notation 1972 Revision (on left-hand pages) and the Unified English Braille Code as of June

2001 (on right-hand pages).



Sample 2. Algebra

3-4  SPECIAL PRODUCTS

Use synthetic division to find the quotient and remainder in the following divisions and
express the answer in the form of Eq. (3-9).

9. x3 —2x2+3x—4byx—3 10. 2x3 + x2 — x4+ 4byx + 1
11, x* -~ 5x3 4+ x2—-6byx—1 12. x3 +3x2 -~ 2x - Sbyx + 2
13. Find the value of x3 — 2x2 4- 3x — 4at x = 3,

14. Find the value of 2x3 4+ x2 — x + 4atx = —1.

15. Find the value of x4 — 5x3 4 x2 — 6atx = 1.

16. Find the value of x3 4 3x2 — 2x — Satx = —2.

17. Compare the values obtained in Problems 13 through 16 with the remainders in
Problems 9 through 12,
18. a) Evaluate ax? 4 bx 4 cat x = p.
b) Divide ax? 4 bx 4- cby x — p.
c) Compare the remainder found in (b) with the value obtained in (a).
d) Would you expect the same type of result for any degree polynomial?

3-4 SPECIAL PRODUCTS

There are certain special products which occur so frequently in algebra that they
have been classified. These are given below. The letters in the formulas may stand
Sfor any algebraic expression. Each is a direct result of the axioms in Chapter 2.
The reader should not only verify each by actually carrying out the steps and giving
the reasons, but also memorize them, so that he can recognize both the product
from the factors and the factors from the product.

a(x + y) =ax + ay. 3-11)

(e e = )= 2 = 52 (3-12)

(x £ )2 =x?% & 2xy + y% (3-13)*

(x + a)(x + b) = x% + (a + b)x + ab. (3-14)
(ax + b)(cx + d) = acx? + (ad + bc)x + bd. (3-15)
(x % y)% = x® & 3x%y + 3xp? £ Y3 (3-16)
()02 F 2y + ) = 2 £ 5 @3-17)

The reader should determine which of the above formulas is used in the
following illustrations.

* The sign - is read “plus or minus.” If the upper (lower) sign is used in the left member,
it is also used in the right, so that (x == y)2= x2 &= 2xy + y? means (x + »i=
x2 4 2xy + y% and (x —y)2=x2 — 2xy + y%.

47
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Sample 2. Algebra

EXTENSIONS OF THE LOGIC OF ALGEBRA  3-4
IMustration 1. (2x2 — 3y)(2x% + 3y) = 2xH)? — ()®
= 4x4 — 9y

Illustration 2. (x + 2)(x + S)=x2+ 2+ S)x + 10
= x2 4 7x 4+ 10.

Ilustration 3. (3x + 4y)(2x — 3y) = 6x + (=9 + 8)xy — 12y2
=6x2 — xp — 12p%

Illustration 4

(x+y-1)’=[x+y—1F
=(x+)°—3x+»)*+3(x+y -1

=xd 4+ 3x%y+3xp? 4 p2 —3x? -6xp — 3P+ 3x+ Iy — L

Here (x + y) is considered first as one term.
Ilustration 5

Gx + 25)9x? — 6xy + 4p%) = (3x + 2)((30)? — G2 + )’
= (3x)* + @)*

= 27x% 4 8y3.
PROBLEMS
Find the following products.
1. 2a(3x — 4y) 2. =3x(2x + 1y)
3. —Txy(3x2 + 4y) 4. Ax2y2(22 -+ xy + y2)
5. (2x — 3y)(2x + 3y) 6. (Tx + 5y*)(1x — 5y?)
7. (x + 2p)(x — 2)(x? + 4y?) 8. (x —3)?
9. (2x + 7y)2 10. (3x2y — 5z2)2
11. (x — 2)(x — 5) 12. (2x + 3)(x — 35)
13. (xy2 — z2w)? 14. (3x + _§y)2
15. (4x — 3y)(7x + 3y) 16. [(x + 1) — 2)(x + 1) + 2]
17. 2x + 3y + 3)(2x + 3y = 3) 18. (2x + 3y + 42)2
19. (x — 2y — 2)? 20. (2a + b)°
21, (x + 2)(x2 — 2x + 4) 22. (x — N(x243x+9)
23. (x + 3y + 2z — dw)(x 4 3y — 2z 4 4w)
24, 4x — 2y — 3z 4+ 3w)(dx + 2y + 3z 4 3w)
25. (a— b+ c—d)? 26. 2a + 3b — ¢ — 4d)?
27. [2(x + 2y) — 3)[2(x + 2y) + 4] 28. [2(x — 3y) + S513(x — 3y) — 2]
29. (2x + 3y)3 30. (5x — 3y)®

48
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35 FACTORS AND FACTORING

3-56 FACTORS AND FACTORING

The process of factoring an algebraic expression is similar to that of finding the
factors of a composite number. Recall the discussion of prime and composite
integers in Article 1-4. This process, which is usually restricted at this elementary
stage to factoring polynomials with rational coefficients and to factors completely
free from irrational numbers, is frequently performed by reversing the processes
considered in Article 3-4. Such a factorization is considered complete when each
algebraic factor is a prime factor; that is, an algebraic expression that cannot be
factored without violating the above restrictions.

The more common types of factoring are illustrated below. Note the impor-
tance and application of the distributive axioms in this discussion.

Example 1. Factor 2ax2 — 4ay? + 8a%x.

Solution. The polynomial in this problem has 2a as a common factor,
2ax? — 4ay® + 8a%x = 2a(x? — 2y? + 4ax).

Example 2. Factor x(a 4 2b) — 3y(a + 2b).

Solution. Each of the two expressions has the common term (a + 2b). Therefore,
x(a + 2b) — 3y(a + 2b) = (x — 3y)(a + 2b).

Example 3. Factor (4x3/y%) — (9a — b)2.

Solution. This expression is the difference between two perfect squares.

4x2

2
S = Ga—b)= Zy’f) — (9a — b)?

= [27" + (9a - b)][2—;- — (9a — b)]

E(?yﬁ+9a—b)(27"—9a+b).

Example 4, Factor 9x2 — 30xy 4 25y

Solution. This algebraic expression is a perfect square.
9x? — 30xp + 25% = (3x — 5))%
Example 5. Factor 27x3 + (8/y9).

Solution. The algebraic expression is the sum of two cubes. Accordingly,
3 8 - 2 2 6x 4 .
27 +y“s-'(3"+;)(9" 5y T
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EXTENSIONS OF THE LOGIC OF ALGEBRA  3-5

Example 6. Factor 12x? + Txy — 10p2.

Solution. This trinomial in the form of Eq. (3-15) is factored by trial and error.
The result will be in the form (ax + by)(cx + dy), where ac = 12, bd = —10,
and ad + bc = 7. Here a and c are both plus, and b and d are different in sign.
The correct combination, we find, is 12x* + 7xp — 10p? = (4x + 59)(3x — 2y).

Example 7. Factor 6x* + 7x%y? — 3y%.
Solution. This is the same type as Example 6.
6xt + Tx2y? — 3t = (3x% — yH(2x? + ).

Although the first factor on the right is the difference of two squares, it cannot be
factored further, for such factorization would introduce irrational quantitics.

PIIIIIIIIIRIIIRIIINIRBNBINDIIIIIDIIDIIIIIIDRIINIDIIIODNIIINIIDIDD

PROBLEMS

Factor the following completely.
1. 4 — 20

3. 3y2 — 9y

5, xy2z3 — 3x2yz2 4 Sxy%z2
7. 3y(2x + 5) — 4x(2x + 5)
9. 2z2(x + 3y) — 6xz(x + 3y)
11. 9 — a2

13. 22548 — 6452

15. x3y4 — 25xd®

17. (x + 2y)2 — 22

19. @+ 8)2 — (c + d)?

21. 81(4x — 3y)2 — 253z + w)?
23. x2 —-8x+ 16

25. 66xy + 9x2y2 4 121

27. 5z2 — 30wz + 45w?

29. 3 —x)2+483 —x)+ 16
31.a% -8

33. §x% 4 27y3m

35, 27(x — y)® — 8(x + »)3
37. x2 — Tx 4 12 '

39. a2b2 — ab — 20

41. 35x2 — 24x + 4

43. 6a% + 7a — 20

50

2. 10x + 15yz

4. 4x3y2 4 6x2y3

6. a2b3ct — adb'c® + 2a%bic?
8. 3y(4 — y) + 6x2(4 — y)
10. 3x(3 — 2y) — 2xy(3 — 2y)
12, 16x2 — 9y?

14. (c%/d®) — 121

" 16. 0.0];“ — 196y8

18. 3x — 2y)2 — 2522

20. 92x — »)? — 4Q2a + b)2

2. x24+6x+9— (24 4y+4)
24. 4a2 — 12ab + 952

26. 2x3 — 28x2 4 98x

28. xzn + 2x"y" + yz..

30. 25 — 30(2x — 3y) + 92x — 3y)?
32. 1 4+ (8/x%)

34. x3 — (¥3/64)
36. 5(a — 2b) — 625(a — 2b)3
38. y2 -2y -8

40. 2x2 - 8x + 6
42, 3y2 —y - 10
44. 2x2 — 23xy — 39y?
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3-5 FACTORS AND FACTORING

45. (x + )2 = T(x+y)+ 10 6. 0+ 22+ 0+2)—4a
41. 2Q2x + y)% — (2x+y) — 10

48. 6(x + »)? + 5(x + M) + 2) — 60y + 2)*

49. 12(a + b)? — 14(a + b)(c + d) — 10(c + d)?

50, 4(x — 2)2 + 5(x — 2)(y + 4) — 21(y + 4)*

There are many algebraic expressions which, by proper grouping, can be put
into one of the forms in the previous examples and then factored.
Example 8. Factor ax — ay — bx + by.

Solution. 1f, by the associative axiom, we group the first two terms together, and
the last two together, and (use the distributive axiom) factor out the common
term, we transform the expression into the form of Example 2.

ax — ay — bx + by = a(x — y) — b(x — »)
= (x — y)a — b).
Example 9. Factor 4x® — 12x> — x + 3.
Solution. Again we group the first two terms and the last two terms.
4x3 — 12x2 — x+ 3=4x3(x - 3) — (x — 3)
=(x—3)@x* -1
= (x — 3)(2x + 1)2x — ).
In both these examples we could have grouped the first and third, and the second
and fourth terms, and obtained the same result.
Example 10, Factor 4x2 — 12xy + 9p% + 4x — 6y — 3.
Solution. 1f we group the first three terms, the solution becomes clear.
4x% — 12xy + 2+ 4x — 6y — 3=(2x — 3)* + 2(2x — 3) — 3
= [(2x — 3y) + 3][(2x — 3y) — 1]
=Qx—-3y+3@2x—-3y—1).
Example 11. Factor x* + 2x%p? 4 9p%.

Solution, If the coefficient of the second term were 6, the expression would be a
perfect square. Therefore, if we add (and subtract) 4x2y2, our solution becomes
evident.

x4+ 2x%% + 9yt = x* 4 6x%% + 9yt — 4x%y°
= (x? + 3?? - @0)*
= (x2 + 3p% + 2xp)(x% + 3p? — 2xp).

51
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Sample 2. Algebra

EXTENSIONS OF THE LOGIC OF ALGEBRA  3-6

PROBLEMS

Factor the following expressions.

1. ax — ay — by + bx

3.x3 —2x244x— 8

5. 2a — 6 — ab? + 3b?

7. x2 —2x 41—y

9. 4x2 — y2 + 4y — 4

11. x2 4+ 2xy + y? — 22 + 2zw — w?
12. 422 — x2 + b2 — y2 — 4ab — 2xy
13. x24+4xy +4y2—x—2y— 6

14. x3 —5x2 — x4+ S

16. y* + y2 + 25

18. x4 4 5x2+9

20. 25x2 + 30xy 4 9y2 + 15x + 9y + 2
21. 3ax — 6ay + 4bx — 8by + cx — 2cy
22. 20xy + Tzw — 5yz — 28Bxw

24. x* + 4yt

26, x% 4+ 1

28, (x2 4 2x —3)2 -4

61

2. ax — 2ay — 6by + 3bx
4. y3 — 292 4 5y — 10
6. x? + 3x2 — 9x — 27
8 xy3 4 2y%2 — xy — 2
10. x® — 7x3 — 8

15. x4 — Tx2y? + 9yt
17. a* + 2a%h% + 9h4
19. b4 + 6b2c? + 25¢2

23, 24 4 473 — 2: — 8

25. a® — B?

27, x2 4 2xy — 22 — 2z

29 (x —y— 22— (x4 y— 2)?

30. 2(x + 2)2(x — 3) + 3(x + 2)(x — 3)2

3-6 SIMPLIFICATION OF FRACTIONS

A basic principle for fractions, algebraic as well as arithmetic, states that the value
of a fraction is not changed if its numerator and denominator are both multiplicd
or both divided by the same quantity (not zero). This principle was stated in
Theorem 2-8. Hence, the simplification or reduction of a fraction to lowest terms
is always possible. Factor both the numerator and denominator into their prime

factors and, by using the basic princip

le, divide the numerator and denominator

by the product of all their common factors.

Example 1. Reduce (8x*y7)/(12x%y?) to lowest terms.

8x4y7 _ 23x4y7 22x4y3 . 2y4 )

Solution 12x6y3 ~ 2% - 3x6yd = 22x4y3 - 3x2

By dividing both numerator and denominator by 22x4y3, we have

8x'y’ 2y

4

12x6y3 ~ 3x2

52
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3-6  SIMPLIFICATION OF FRACTIONS

Example 2. Reduce (x2 — 7x + 10)/(2x2 — x — 6) to lowest terms.

Solution. If we factor both numerator and denominator, we have

x—7x+10 x—5)(x—2)
2x2 —x—6 (2x+3)(x—2)

and dividing both numerator and denommator by x — 2, that is, applying
Theorem 2-8, we get

x* —Ix + 0_x-—5

22— x—6  2x +3

The elimination of a common factor by dividing the numerator and denomi-
nator of a fraction by this factor is called multiplicative cancellation. Such a process
should be done with care, for Theorem 2-8 is true only when x % 0. In this

case the identity is true for all values of x except x = 2 or x = —3, which are not
permissible values.

Example 3. Reduce (12x2 4 30x — 72)/(52x — 8x? — 60) to lowest terms.

12x% 4 30x — 72 6(2x —3)x+4)_3x+4).
52x — 8x2 — 60 43 — 2x)(x — 5) 2(5 — x)

This identity follows from the fact that 2x — 3 = —(3 — 2x). (Recall Problem 4,
Article 2-4.)

Solution

PROBLEMS
Reduce the following to lowest terms,
28 275°
& 63 2. 225x5
a‘x‘y 4 a’® + ab
" a?xy3 * 3a 4 2a8
a’x — a2y 6 24a®
* ax? — ay? o * 6a2 — 9a
7x2—-l 8x’-4x+4
Tx2—x ' ‘' x2—4
_x*—16 10,8 —=3a—4
“x2 —8x 416 ‘a2 —a-—12
2
11 y ~y—6 12.2): + 5x — 12
»¥+2y-15 4x2 — 4x — 3
13~6a-7a—3 14 ax + ay — bx — by
4a2 — 8a + 3 ‘am — bm — an + bn

53
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EXTENSIONS OF THE LOGIC OF ALGEBRA  3-7

55, X — 24 — 2x° 16 (@x% = 9y%)(18x — 12)

* X2+ x — 20 * T(2x — 3y)(12x — 8)
2 2
x° — 36 2x° — 14x + 20

17. x3 — 216 18. Ix — 2x2 — 6

10, 208 =y + -yt 20, — 2"+ 64
) xt =y Tyt —4y2+ 16

21 4a® -1 2 a® — 2ab + 3b°
*124%2 +a — 4a3 — 3 . “% @t - 2a2b2 + 9b%

2 o2 — 16)(x® — 4x 4 16) 5q, 1580 = 20a — 215 + 28
‘ x3 4 64 : 21 — a — 10a2

3-7 ADDITION OF FRACTIONS

The algebraic sum of two or more fractions having the same denominator is a
fraction with the common denominator and a numerator which is the algebraic
sum of the numerators of the fractions considered. This was proved in Problem 13,

Article 24.

. 2x? 3x 5 2x*—=3x+45
Ilustration. ——— — 4+ T—4- x—24

To find the algebraic sum of two or more fractions with different denominators,
we must replace the fractions with equivalent fractions having the same denomi-
nators. It is preferable to use the least common denominator (LCD). The LCD
of two or more fractions consists of the product of all the unique prime factors in
the denominators, each with an exponent equal to the largest exponent with which
the factor appears, and is really a result of the following important thecorem.

a, c_ad+ b
Theorem 3-5. 3 + 7= bd (b, d = 0).

Proof. We have
a, c_ad, bc

5T a=ba T bd’

by Theorem 2-8. If we now use Problem 13, Article 2-4, we have
ad | be_ad+be

2d T = bd
which is our required result.
Example 1. Find the LCD of the fractions

3x , 5x2 | 2 .
x2 —4x 44 3(x2 — 4) 2x2 —x—6

54
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3-7  ADDITION OF FRACTIONS

Solution. Factoring each denominator, we have
x2 —4x+ 4= (x — 2)?
I(x2 — 4 =3x+ 2(x — 2),
2x2 — x — 6=(2x + 3)(x — 2).

The LCD is 3(x + 2)(x — 2)%(2x + 3).

After the LCD has been determined, equivalent fractions may be formed.
Divide the LCD of a given fraction by the denominator of that fraction, and then
multiply both numerator and denominator of the given fraction by the result.
The equivalent fractions may now be added, as in the illustration above.

‘Example 2. Change the following fractions to equivalent ones, with their LCD
as denominator, and find their sum.

4 x+3 2x+ 1
x+2 x2 —4 x—2
Solution. The LCD is (x + 2)(x — 2). Therefore,
4 _  4x-=2) x+3 _ x4+ 3 ,
x+2 (x+2)(x-—2) x2—4 (x4 2)(x—2)
2x+1___(2x+l)(x+2)’
x—2 (x+2)(x—2)

and
4 x+3 , 2x+41
srite—at iz
= 4(x — 2) + x+3 +(2x+l)(x+2)
CF)x—=2) " Gx+2)x—2) " (x+2)x—2)
_(x—=8)+ (x+ 3+ 2x* + 5x + 2)
o x2—4
_ 2x% 4 10x — 3 .
- x2 — 4
PROBLEMS
Reduce the following to single fractions and simplify.
Li+E—1% 2.5-%—-1%
3x _ 4y @ _b
3% " i
2x+4+3 4x-—-17 3x—1  4-—5x
7% "9 6. —5—+7%

55
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Sample 2. Algebra

EXTENSIONS OF THE LOGIC OF ALGEBRA 3-8

7.x+y+x’_cjy 3-,:112')(1—3
9. 352__._23'? + ix_—si 10. 12x22— 3 + 2x 3 4x2
ll.%—;-’-—:' lz'xz_:x_5+x22_|
13.24x_—x1+3.;-l_-f2 M’xzj;l:—cfl-lo—xz-‘:-;x]-l-G
15. 2x2 -fl—3xl+ 15 + Zxé -fl-:x?‘-l- 18 16. 3X'“'2:\|"'-'\'- i 2" 2"23'{ ;xa—‘ 5
17. - .3_ 3t :32j227 18. x"z::-yy’ T x2— J:v + »2
19. 2 - 3 - 1

x24+3x+2 x2+5x+6 x244x+3
20. x+6+ 12x25:-';:— T
2.2y = 34 53 L szz 5+ zy,yfyz__ 3
22. (x—y)l(y—z)+(y—z)l(z—x)+(z—x)l(x—-y)
S T AT e R e e

2x — 1 x4+ 3 2x — 3

24

"I —x— 6T 6@ Fx—12 33— 10x +8

3-8 MULTIPLICATION AND DIVISION OF FRACTIONS

In algebra, as in arithmetic, the product of two or more fractions is a fraction whose
numerator is the product of all numerators and whose denominator is the product
of all denominators. In obtaining these products, the process of dividing out factors
common to the numerator and denominator may be uscd. Results should be
reduced to their simplest form. Note in Ilustration 1 that this method is a direct
application of Theorem 2-7. followed by an application of Theorem 2-8.

x—4 4x+8_ (x—4)-2"-(x+2)
2x+8 x2— 16 2(x + 4)(x + 4)(x — 4)

=2x+2),
T (x + 42

Illustration 1.

56
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Algebra Sample in Nemeth Code

Nemeth Symbols
3 punctuation indicator i minus sign
2 begin superscript ik plus or minus sign
s return to .baseline after i minus or plus sign
superscript ..
oo ‘e times sign (dot
i begin fraction e gn (dof)
3 horizontal fraction line e slash
20 33 equivalent sign (3 horizontal
o end fraction bars)
3 opening parenthesis 383 equal sign
& closing parenthesis i3 notequal sign
(T8 opening bracket 3R asterisk
3%1 closing bracket i mathematical comma
i plus sign
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Sample 2. Algebra 67
Algebra Sample in UEBC
UEBC Symbols

' grade one symbol ) superscript next item
e e e begin grade one passage s begin compound item
s (before a space) i3 end compound item

end grade one passage . ) .
o le 3% e e e (on a line by itself) e opening parenthesis
Tt pegin grade one passage G4l closing parenthesis
e ledd is (on aline by itself) os .

end grade one passage e opening bracket
TR begin capitalized passage aat closing bracket
H (before a space) ° decimal point

end capitalized passage T plus sign
e italic word e : :

Lo e minus sign

e begin italic passage i plus or minus sign

(before a space)

end italic passage minus or plus sign

2e bold word e e times sign (dot)

2ee begin bold passage X equal sign

H (before a space) ees 1T not equal sign
end bold passage . .

.. ) ) S equivalent sign

8 begin fraction (3 horizontal bars)

it fraction line B3 slash

. end fraction 0L asterisk
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Sample 3. Calculus

Vector Integral
Calculus

Part I. Two-Dimensional Theory
5.1 INTRODUCTION

The topic of this chapter is line and surface integrals. It will be seen that these can
both be regarded as integrals of vectors and that the principal theorems can be
most simply stated in terms of vectors; hence the title * vector integral calculus.”

A familiar line integral is that of arc length: | ds. The subscript C indicates

that one is measuring the length of a curve C, as in Fig. 5.1. If C is given in
parametric form x = x(r), y = y(¢), the line integral reduces to the ordinary

definite integral:
J(Z) +(2)
cfds [ (%) +(%) a.

If the curve C represents a wire whose density (mass per unit length) varies
along C, then the wire has a total mass

M=Jﬂmﬁ¢.

where f(x, y) is the density at the point (x, y) of the wire. The new integral can
be expressed in terms of a parameter as previously or can be thought of simply as
a limit of a sum

Jf(xo ) ds = lim i J(x!, ) Ags.

i=1

279
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=1 (X;:)':)

o /‘=l; x

Figure 5.1 Line integral.

Here the curve has been subdivided into n pieces of lengths 4,5, A,s.....4,5, and
the point (x?, y*) lies on the ith piece. The limit is taken as n becomes infinite,
while the maximum 4, s approaches 0.

A third example of a line integral is that of work. If a particle moves from
one end of C to the other under the influence of a force F, the work done by this
force is defined as

[ Frds,
c

where F- denotes the component of F on the tangent T in the direction of motion.
This integral can be thought of as a limit of a sum as previously. However,
another interpretation is possible. We first remark that the work done by a
constant force F in moving a particle from A to B on the line segment AB is F - 45;
for this scalar product is equal to |F| - cos a - |4B], a being the angle between F
and 4B, and hence to the product of force component in direction of motion by
the distance moved. Now the motion of the particle along C can be thought of as
the sum of many small displacements along line segments, as suggested in Fig.
5.2. If these displacements are denoted by A;r, A,r,...,A,r, the work done would
be approximated by a sum of form

LF-Ar

y

Figure 5.2 Work = j F.dr.
C
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where F, is the force acting for the ith displacement. The limiting form of this is
again equal to the line integral [Frds, but because of the way the limit is
obtained, we can also write it as
f F . dr.
¢

One can thus write
work = fFTds= fF-dr.
c C
If the displacement vector Ar and force F are expressed in components,
F=Fi+Fj, Ar=Axi+Ayj,
the element of work F - Ar becomes
F-Ar=F Ax + FAy.
The total amount of work done is then approximated by a sum of form
L(FAx+ FAy)=3Y FAx+ Y FAy.

The limiting form of this is a sum of two integrals:

Jaa+J§¢

The first integral represents the work done by the x-component of the force; the
second integral represents the work done by the y-component of the force.

It thus appears that one has three types of line integrals to consider, namely,
the types

C/ f(x, y) ds., cj P(x, y) dx, cj O(x, ) dy,

which are limits of sums

Lf(x.p)As,  EP(x.y)8x, T0(x,y)Ay.

The foregoing gives the basis for the theory of line integrals in the plane. A
very slight extension of these ideas leads to line integrals in space:

Cff(x- y,2)ds, cff(x. y, 2) dx,

Surface integrals appear as a natural generalization, with the surface area element
do replacing the arc element ds:

[ frtx. y.2) da =tim T1(x, 5, 2) o

There are corresponding component integrals

fsff("’y")""dy- fsff(x.y.Z)dydz,

126
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and a vector surface integral

[sfF-do=j;f(F-n)da,

where do = n do is the “area element vector,” n being a unit normal vector to the
surface.

It will be seen that the basic theorems—those of Green, Gauss, and
Stokes—concern the relations between line, surface, and volume (triple) integrals,
These correspond to fundamental physical relations between such quantities as
flux, circulation, divergence, and curl. The applications will be considered at the
end of the chapter.

5.2 LINE INTEGRALS IN THE PLANE

We now state in precise form the definitions outlined in the preceding section.
By a smooth curve C in the xy-plane will be meant a curve representable in
the form:

x=¢(1), y=y9@), hstsk, (5.1)
where x and y are continuous and have continuous derivatives for h < t < k. The
curve C can be assigned a direction, which will usually be that of increasing . If 4
denotes the point [$(4), ¢(h)] and B denotes the point [$(k), ¢(k)], then C can
be thought of as the path of a point moving continuously from A to B. This path
may cross itself, as for the curve C, of Fig. 5.3. If the initial point 4 and terminal
point B coincide, C is termed a closed curve; if, in addition, (x, y) moves from A4

to B = A without retracing any other point, C is called a simple closed curve
(curve C, of Fig. 5.3).

Az"—‘Bz

A
Figure 53 Paths of integration.

Let C be a smooth curve as previously, with positive direction that of
increasing ¢. Let f(x, y) be a function defined at least when (x, y) is on C. The
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line integral / f(x, y) dx is defined as a limit:
c

Lj f(x, y) dx = lim Z F(xt, y*) Ax. (5.2)

i=1

The limit refers to a subdivision of C as indicated in Fig. 5.4. The successive
subdivision points are 4: (x4, %), (X, Y )r-..,B: (x,, y,). These correspond to
parameter values: h = f, < < --- <1, = k. The point (xJ, y*) is some point
of C between (x;_,, y;_;) and (x;, y;); that is, (x}, y*) corresponds to a parame-
ter value ¢, where t,_, < 1} < ¢,. A;x denotes the difference x; — x,_,. The limit
is taken as n becomes infinite and the largest A,¢ approaches 0, where A;f = ¢, —
t,_,. Similarly,

J f(x, y) dy = lim T f(x, y*) A,y, (5.3)

where A,y =y, = y,_,.

The significance of these definitions is guaranteed by the following basic
theorems:

I If f(x, y) is continuous on C, then
f/(.i. y)dx and f/(x. y)dy exist,
C c

II If f(x, y) is continuous on C, then

Jaxpyas= [rlsv@le) a, (54)

J1x &= [l Olv () a (55)

Formulas (5.4) and (5.5) reduce the integrals to ordinary definite integrals
and are thus essential for computation of particular integrals. Thus let C be the

>
(6%
C
m-lv»-l)"‘m

/ ’
A x

O R

7 I T

Figure 54 Definition of line integral.
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pathx=1+1ty=1%0 5 g1, directed with increasing ¢. Then
C/(xz - y?)dx ﬂ[)‘[(l +1)t - l‘] dt =3,
Cj(x’ - y¥) dy =j:[(1 +1) - r“]Z:dt =21,

It is logically easier to prove II first, for I is an immediate consequence of II.
To prove II, one notes that the sum Lf(x}, y*) A,x can be written as

¥ o). v (i) 3

i X
A' At
im] "

Now 4,x = x; — x;_; = ¢'(#7*) A,¢ by the Law of the Mean. Hence the sum can
be written as

L F(et)o(11*) o,
im]

where F(t) = f[$(t), ¥(r)] and £ and ¢** are both between ti_p and ¢, It is
easily shown [see CLA, Section 12-25] that this sum approaches as limit the
integral

fr(t)w(r)dr ==j:/[<p(r), V()] ¢(1) dr

as required. Formula (5.5) is proved in the same way.

We remark that the value of a line integral on C does not depend on the
particular parametrization of C, but only on the order in which the points of C
are traced. (See Problem 5.)

In many applications the path C is not itself smooth but is composed of a
finite number of arcs, each of which is smooth. Thus C might be a broken line. In
this case, C is termed piecewise smooth. The line integral along C is simply, by
definition, the sum of the integrals along the pieces. One verifies at once that (5.2),
(5.3), and the theorems I and II continue to hold. In (5.4) and (5.5) the functions
¢’(¢) and ¢’(¢) will have jump discontinuities, which will not interfere with the
existence of the integral (cf. Section 4.1). Throughout this book all paths of
integration for line integrals will be piecewise smooth unless otherwise specified.

If the curve C is represented in the form

y=g(x), asgxsgb,

then one can regard x itself as parameter, replacing ¢; that is, C is given by the
equations

x=x, y=g(x), asxsb

in terms of the parameter x. If the direction of C is that of increasing x, (5.4) and
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(5.5) become
J e yyas= [lx g ax, (5.6)

S 1) @ =[x, g5 (x) . (5.7)

The ordinary definite integral f by dx, where y = g(x), is a special case of (5.6).
Similarly, if C is represente& in the form
x=F(y), csysd,
and the direction of C is that of increasing y, then

J1= ) s = [FIFO)AFOD (538)
J=n o= [T 8. (59)

In most applications the line integrals appear as a combination,
(jP(x. y)dx + fQ(x’ }’) dy,
e

which is abbreviated as follows:
[IP(x.p)dx + @(x, p) dy] o [P(x,y)dx+ Q(x, y) dy,
¢ c

the brackets being used only when necessary.

In the formulas thus far the direction of C has been that of increasing
parameter. If the opposite direction is chosen, upper and lower limits are reversed
on all integrals. Thus (5.4) becomes

[ fxy)ds = [rle(0), 4 (D) 9(r) dt. (54)
¢ k

The line integral is therefore multiplied by — 1. Often it is convenient to specify
the path by its equations in some form and to indicate the direction by using the
initial and terminal points as lower and upper limits:

JBde +Qdy or [""Pdx+ Qdy.
A ¢ (x.n)

It wiil be seen later that under certain conditions, one needs only prescribe initial
and terminal points:

j’de + Qdy.
A

EXAMPLE I To evaluate

cj((-l-m(x, - y3) dy,

1,0)
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y
f/
-1 4] o

Figure 55 Example 1.

where C is the semicircle y = V1 — x2 shown in Fig. 5.5, one can represent C
parametrically:

x =cost, y=sint, Ostgm,
and the integral becomes

. . Kl
/ (cos®t — sin’t) costdr = T
(]

One can use x as parameter, and the integral becomes

[I—l[x’(l - xz)%] ‘/.1—:_'_:—2-dx;

this is clearly in a more awkward form for integration. The substitution x = cos ¢
brings one back to the parametric form. One can use y as parameter but has then
to split the integral into two parts, from (1,0) to (0, 1) and from (0, 1) to (—1,0);

fla-m=rla+ [-0-t-rla=2f0 -,

Note that x = {1 — y? on the first part of the path and x = — |1 — y? on the
second part. W

EXAMPLE 2 Let C be the parabolic arc y = x2 from (0,0) to (—1,1). Then

/xy’dx + xlydy = f‘l(xyz + xzy:—y) dx = /-l(x5 +2x)dx=4. =
¢ 0 x (]

If C is a closed curve, then there is no need to specify initial and terminal
point, though the direction must be indicated. If C is a simple closed curve (traced

just once), then one need only specify which of the two possible directions is
chosen. The notations

(@) $Pdx +Qdy, (b) $Pdx+Qdy

refer to the two cases of Figs. 5.6(a) and 5.6(b). The counterclockwise arrow refers
to what is roughly a counterclockwise direction on C; this will be termed the
Ppositive direction (as for angular measure); the clockwise direction will be called
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.;’ Yy

C

n
~ e

T

! | : /

(@ ®)

Figure 5.6 (a) Positive direction and (b) negative direction on a simple closed path.

the negarive direction. It should be noted that the direction can be specified by
reference to the unit tangent vector T in the direction of integration and the unit
normal vector n that points to the outside of the region bounded by C; for the
positive direction, n is 90° behind T, as in Fig. 5.6(a); for the negative direction, n
is 90° ahead of T as in Fig. 5.6(b).

EXAMPLE 3 To evaluate
j yidx + x%dy,

where C is the triangle with vertices (1,0), (1, 1), (0, 0), shown in Fig. 5.7, one has
to compute three integrals. The first is the integral from (0, 0) to (1,0); along this
path, y = 0 and, if x is the parameter, dy = 0. Hence the first integral is 0. The

second integral is that from (1,0) to (1,1); if y is used as parameter, this reduces
to

/:dy==l.

since dx = 0. For the third integral, from (1,1) to (0,0), x can be used as
parameter, so that the integral is

j02x2dx = -1
1

an

oo  am ~

Figure 5.7 Example 3.
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since dy = dx. Thus finally
$ydx+xly=0+1-%=1} m
¢

5.3 INTEGRALS WITH RESPECT TO ARC LENGTH =
BASIC PROPERTIES OF LINE INTEGRALS

For a smooth or piecewise smooth path C, as in the preceding section, arc length s
is well defined. Thus s can be defined as the distance traversed from the initial
point (¢ = h) up to a general ¢:

s= (L) +(L) o (5:10)

If the curve C is directed with increasing ¢, then s also increases in the direction of
motion, going from 0 up to the length L of C. Let C be subdivided as in Fig. 5.4
and let A;s denote the increment in s from ¢,_, to ¢;, that is, the distance moved in
this interval. One then makes the definition

[, ds= Gm ¥ [t y2) Ags. (5.11)
c n—+00

max 4;s—0 =1

If f is continuous on C, this integral will exist and can be evaluated as follows:
&
[z ) a5 = [l o ONE P + v ar. (512)
C
This is proved in the same way as (5.4) and (5.5), with the aid of the formula
ds dx\* (dy\* [ RS
T (;;) +(g;) = V¢ (2)* + ¥(0)?.

One can in principle use s itself as the parameter on the curve C; if this is
done, x and y become functions of s: x = x(s), y = y(s). The point [x(s), y(s)]
is then the position of the moving point after a distance s has been traversed. In
this case, (5.11) reduces to a definite integral with respect to s:

cf fx,y)ds= [ “fIx(s), y(s)] ds. (5.13)

If x is used as parameter, one has

= [°1[x, y(x ‘/ LA
C/f(xu")d’ faf[ » y(x)] 1+(dx) dx; (5.14)

there is an analogous formula for y.
The basic combination

cdex+Qdy
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